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The general principles of the mechanics and thermodynamics of materials are 
used to describe the effects of interstitial mobile hydrogen on the mechanical 
behavior of metals and alloys. First the coupled general field equations accounting 
for hydrogen diffusion and nonlinear deformation are derived and then linearized 
for the case of small deformation. Linearization reveals that the Laplacian of the 
hydrostatic stress is related to the Laplacian of the hydrogen concentration in the 
lattice, and it is not zero, as has often been assumed in calculations involving stress 
driven diffusion of hydrogen under :plane strain conditions. When the hydrogen is 
in equilibrium with the applied stress, that is, at steady state conditions of hydrogen 
transport, the linear elastic constitutive response of the solid accounting for the 
hydrogen effect can be described by the standard Hooke's law of infinitesimal 
elasticity in which the stiffness moduli are termed moduli at fixed solute chemical 
potential and are calculated in terms of the moduli at fixed solute composition, the 
nominal hydrogen concentration, and the material parameters of the system. These 
moduli at fixed solute chemical potential can be viewed as the corresponding 
counterparts of those characterizing the drained deformation at constant pressure of 
fluid-infiltrated porous geomaterials, or the isentropic deformation of thermoelastic 
materials. Next the linear transient field equations are solved in the case of a 
dislocation and a line force in an infinite medium under plane strain conditions by 
using analytic function theory. The range of validity of the solution to the linearized 
field equations for an isolated edge dislocation is investigated for specific materials. 
Lastly, the implications of the steady state constitutive behavior of the 
hydrogen/metal system on the fracture and dislocation behavior are discussed. 
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1. INTRODUCTION 
The interaction of hydrogen with elastic deformation is a result of the lattice 
dilatation caused by hydrogen in solid solution with a metal or alloy. The study of 
this interaction recently (SIROIS, SOFRONIS and BIRNBAUM, 1992; SOFRONIS 
and BIRNBAUM, 1993) has increased significantly the understanding of the 
macrospcopic mechanical behavior of materials in the presence of hydrogen. 
LARCHE and CAHN (1985) investigated the interaction of solute composition and 
stress in crystalline solids, but their analysis is not based on a consistent 
linearization scheme of the field equations. In most work to date, solutions for the· 
hydrogen transport problem in an elastically deforming material were obtained, at 
least in the more sophisticated treatments, through a nonlinear equation for stress 
driven diffusion coupled with the linear elastic deformation of the lattice which, 
though, was treated .as unaffected by hydrogen (LIU, 1970; VAN LEEUWEN, 1974; 
DUTTON et al., 1977). In addition, the study of the transient hydrogen diffusion 
under plane strain deformation was carried out on the basis that the term involving 
the Laplacian of the hydrostatic stress can be dropped from the diffusion equation 
accounting for drift. However, in the presence. of hydrogen, total strain compatibility 
dictates a relationship between the local hydrostatic stress which is associated with 
the elastic dilatation and the hydrogen concentration which is directly related to the 
hydrogen induced strain in the lattice. 
The purpose of this article is to devise a constitutive model for the linear 
behavior of the composite system made of a metal and interstitial hydrogen in solid 
solution. In particular, the aim is to derive a linear equation for the transient stress · 
driven hydrogen difft1sion coupled with the linear elastic deformation of the solid 
accounting for the hydrogen induced strains. The development of the model 
follows the work of CARLSON (1972) in linear thermoelasticity and that of RICE 
and CLEARY (1976) for fluid-saturated porous elastic solids. In Section 2, the 
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foundations of the linear theory are presented. The basic laws of mechanics and 
thermodynamics of materials are combined in Subsection 2.1 to describe the 
nonlinear deformation of a solid containing mobile hydrogen in solution and 
undergoing thermal straining. Constitutive laws for the nonlinear elastic material 
that satisfy the second law of thermodynamics are proposed in Subsection 2.2, and 
the resulting field equations are linearized in Subsection 2.3 (linearized hydrogen 
elasticity). In Subsection 2.4, the equations are specialized for the isotropic material 
case and, as an application, the moduli at fixed solute chemical potential are 
evaluated for the H/Ta, H/Nb and H/V systems at room temperature as functions 
of the nominal hydrogen concentration. In Section 3, the linearized hydrogen 
elasticity theory is used to set up and solve the boundary value problem for an edge 
dislocation and a line force in an infinite medium under plane strain conditions. 
The governing equations for general plane strain deformation are derived in 
Subsection 3.1 and a solution method in terms of complex potentials is presented in 
Subsection 3.2. In Subsection 3.3, the solution for an edge dislocation and a line force 
is found and, as an application, the transient hydrogen concentration and stress 
fields for an isolated edge dislocation are obtained. The implications of the current 
linearized hydrogen elasticity theory for understanding the hydrogen effect on 
dislocation plasticity and the hydrogen induced fracture in metals and alloys are 
discussed in Section 4. 
2. FOUNDATIONS OF THE LINEAR THEORY OF THE 
CONSTITUTIVE BEHAVIOR OF THE HYDROGEN-METAL SYSTEM 
2.1 Basic laws of mechanics and thermodynamics 
A body is considered to be composed of a set of particles which at each instant 
of time t are assigned to unique points of a closed region (j, of three-dimensional 
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Euclidean space. It is assumed that each point of (j1 is occupied by just one particle. 
The region (j1 is called the configuration of the body at time t or the current 
configuration. The configuration {j0 occupied by the body at time t = 0 is called the 
reference configuration. A particle of the body in configuration {j0 is uniquely 
determined by the set of coordinates (X1,X2 ,X3), or the position vector X, relative to 
a fixed Cartesian coordinate system. The motion of the body is described by the 
position vector x of the particle X in any subsequent time tin the form of x = x(X,t). 
Assume that the functions x1 = x1(X1_,X2 ,X3,t), x2 = x2(X1,X2 ,X3,t), and 
x3 = x3(Xi,X2,X3,t) are differentiable with respect to Xi,X2,X3 and t as many times as 
required. The coordinates X; and X; where i = 1,2,3 are termed material arid spatial 
coordinates respectively. From now on, Cartesian vectors and tensors are denoted by 
bold-face roman letters (A , a) and their scalar components by the corresp,onding 
light-face italic letters (A;i, a). When upper- or lower-case letters are used as jndices, 
they are understood generally to range over 1, 2, and 3. Repetition of any subscript 
implies summation over the range. Mass is measured in units of atoms or moles 
although the concepts of this paper are continuum in character and treat matter as 
being indefinitely divisible. Atoms or moles are merely convenient units of mass. 
Suppose that <I> is any quantity which varies throughout the body in space and 
time; The conventional notation of the material time derivative d<)>/dt or ~ is 
adopted for the rate of change of <I> following a given particle, so that 
~ = d<I> = c)<)>(X,t) 
dt at ' 
(1) 
where the differentiation is performed with X held constant. The displacement 
:I'l 1 '. ::; - · -
vector of a typical particle from its position X in the reference configuration (j0 to its 
~ ~, ~• t ', s) t'::•:", ;••): j '.i. \ <- ' < 
position x at time J is 
; ·' ,_ t1 ' ;· f > 
u(X,t) = x(X,t)- X. (2) 
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The velocity vector v of a particle is the rate of change of its displacement and from 
eqs. (1) and (2) 
(X ) = . (X ) = au(X,t) = a2x(X,t) 
V 't u , t dt dt2 . (3) 
During motion the deformation of an infinitesimal element of the body is described 
by the deformation gradient tensor F defined as 
F=Vx=I+Vu, (4) 
where I is the identity tensor and V denotes the gradient operator. In component 
form 
F. = X- 1 = o .. +u- 1 , IJ I, IJ I, (5) 
where (),1= a/ax; and o" is the Kronecker delta. It is assumed that the Jacobian 
J = det(.F;i) exists at each point of the body during motion and that J > 0. The Green 
strain tensor is defined by 
(6) 
where the superscript T stands for tensor transpose. The rate at which the body 
shape changes is described by the deformation rate tensor 
D = !(vv+ VvT), 
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(7) 
which is the symmetric part of the velocity gradient Vv, whose components are v;,i 
and 0,; = ao/axi. 
Consider an arbitrary part P of the body which occupies a region of volume V 
bounded by a surface S in ·the current configuration (j,. The region occupied by P in 
the reference configuration has a volume Yo and is bounded by a surface S0 • The 
region the part P occupies at any instant of time contains the same material particles 
and is termed a material region. The material within P is acted upon by external 
tractions T and body forces b measured per unit area and unit volume respectively 
in the cur.rent configuration (j1 • Let p(x,t) denote the density of the material 
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measured in moles per unit volume in (jt and p0 (X,t) the respective density in {j0 • 
Let O' denote the Cauchy stress tensor measured per unit area in (jt. The balance of 
forces and moments are written as 
(8) 
(9) 
respectively. If n is the unit outward normal to the surface S, by using eqs. (8) and 
(9), T; = aijnj along S, and the divergence theorem one finds 
f T;vidS + f bividV = K + f aijDijdV, (10) 
s p p 
where 
K = !J pv.v.dV 2 I I 
p 
(11) 
is kinetic energy of the part P and aijDij denotes the stress working rate per unit 
volume in the current configuration. 
The presence of hydrogen in the lattice interstitial sites of the body is 
described by the concentration N(x,t) measured in hydrogen atoms per mole of the 
host material lattice in (j,. Hydrogen is assumed to be mobile so that it can flow into 
or out of the region P considered. The chemical potential µ(x,t) of a hydrogen atom 
at any position x within the stressed solid is defined to be the reversible work 
required to introduce the atom in the position x under constant temperature T 
from its "standard state" at the same temperature, while the local strains, E, are held 
fixed. Therefore, the rate of working in a hydrogen composition change at a rate N 
under fixed temperature T and local strains E, is given by 
w=µN, (12) 
where w is measured in units of energy per lattice mole in (jt. Equivalently, as will 
be seen in Subsection 2.2, the chemical potential is the increase in the Helmholtz 
free energy accompanying the placing of one hydrogen atom in the lattice. If j 
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denotes the-hydrogen flux vector, the amount of hydrogen that flows in the sense of 
the unit vector n across a surface normal to n per unit area in the current 
configuration per unit time is j.n. Hydrogen mass conservation requires that the 
rate of change of total hydrogen inside P be equal to the flux through the surface S: 
!!:_ f pNdV + f };n;ds = 0. 
dt p s 
(13) 
Application of the divergence theorem in eq. (13) and arbitrariness of the material 
' 
region yield 
PN=-1· ... ,,, (14) 
If C denotes the hydrogen concentration measured in hydrogen atoms per unit 
volume in {j, one can write 
C=pN. (15) 
When the solution is dilute and the strains infinitesimal eq. (15) yields C = pN 
thereby allowing eq. (14) to be recast into the standard form of Fick's second law for 
diffusion. 
The heat input rate into the body consists of conduction through the surface S 
and distributed internal heat sources. If h denotes the heat flux vector, the amount 
of energy that flows in the sense of the unit vector n across a surface normal to n per 
unit area in the current configuration per unit time is. h. n. The strength of the heat 
source is called the heat supply r and denotes energy per mole of material lattice in 
{j1 per unit time. 
At any time during the motion of the l;,ody the kinetic energy K of the 
continuum is only part of its energy. The remainder is called total internal energy U 
and is expressed in terms of the specific internal energy u, measured per mole of 
material lattice in (},, by 
U= fpudV. (16) 
p 
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The first law of thermodynamics requires conservation of energy in the body. That 
is, the material time derivative of U + K is equal to the sum of the rate at which 
mechanical work is done by the body and surface forces, the rate at which energy 
enters into P in the form of heat due to the internal heat supply r and surface flux 
h, and the rate at which work is done on the body in the placing of the hydrogen 
atoms within P. The mathematical formulation of the law is stated as 
(17) 
s p p s p 
Combining eqs. (10), (12) and (16), and using the divergence theorem, one finds 
f (pu-aijDij -pr+ h;,; -pµN}JV = o. (18) 
p 
Equation (18) is valid for arbitrary choice of the part P within the continuous 
medium. Hence, the integrand must vanish at each particle of the solid: 
. 1 . 1 
u =-a . .D .. +µN+r--h. p IJ I) p 1,1• (19) 
The stress working rate per unit volume in Yt can be expressed in terms of the 
second Piola-Kirchhoff stress S, 
(20) 
where the superscript -1 stands for tensor inverse, and the rate of change of the 
Green strain through 
p . 
a;jDij = -S;jE;r 
Po 
(21) 
Substituting eq. (21) into eq. (19), one finds the final form of the energy equation 
expressing at each particle of the body the conservation of energy implied by the first 
law of thermodynamics 
. 1 · . 1 
u=-S..E .. +µN +r--h .. 
P IJ I) 1,1 0 p 
(22) 
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The second law of thermodynamics postulates that the total entropy 
production rate within P is greater or equal to the sum of the entropy flux across the 
surface Sand the rate at which entropy is supplied into the body by the internal heat 
sources. Therefore, 
~J psdV ~ J ~V - J h;n;dS, 
dt V VT s T 
(23) 
where s(x,t) is the entropy of the body measured in energy per lattice mole in (j, per 
degree K. Since the material region P is chosen arbitrarily, application of the 
divergence theorem to eq. (23) furnishes the local form of the second law: 
Ts~ r-}:_h. +-1-hT, .. p ,,, pT I I 
On denoting the heat rate conducted in c.;, per lattice mole by 
ineq. (24) becomes 




Lastly, introducing the Helmholtz free energy f measured per lattice mole in (j, as 
f =u-Ts (27) 
and using eq. (22) and ineq. (24), one arrives at the local dissipation inequality 
· 1 . . . 1 
f- -S;iEii + sT-µN +-h;T,;:::;; 0. 
Po pT 
{28) 
2.2 Constitutive relations for elastic materials 
A convenient starting point for the theory of elastic materials is to postulate a 
set of constitutive equations which provide at every particle X of the body the 
Helmholtz free energy f, the stress tensor S, the entropy s, the chemical potential µ, 
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the hydrogen flux j, and the heat flux h as functions of the Green strain E, the 
temperature T, the hydrogen concentration N, the gradient VT and possibly the 
gradient VN: 
1 
f = f(-E,T,N), 
Po 
a1 Sij=( 1 ), a -Eii 
Po TN 
. __ DpN V 
J- kT µ, 
1 








where D is the lattice diffusion constant that is assumed to be independent of stress 
and is measured in area per unit time and k is Boltzmann's constant. The forms of 
eqs. (29), as are written in terms of the Green strain tensor, obey the principle of 
material frame indifference (TRUESDELL and NOLL, 1965). 
The theory of elasticity based on eqs. (29a) and (29b) is usually referred to as 
hyperelasticity and the form of eq. (29b) is such that the second Piola-Kirchhoff stress 
S is symmetric (cf. equations (20) and (9)). Equation (29c) agrees with the standard 
definition of the entropy, s, in terms of the Helmholtz free energy and definition 
(29d) is compatible with the use of the chemical potential in eq. (12). Equation (29e) 
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is valid at low hydrogen concentrations, at which there is no interaction between 
the diffusing hydrogen and the rate of diffusion depends only on hydrogen mobility. 
In addition, equation (29e) is consistent with the thermodynamics of diffusion, that 
chemical potential gradients motivate hydrogen diffusive fluxes such that j. Vµ < 0. 
It is noted here that the use of E, T, N , VT, and VN, as the only independent 
variables in the constitutive equations (29) means that /, S, s, µ, j, and h are 
completely determined when configurations {j0 and Yt, temperature and hydrogen 
concentration are specified. The rate at which the deformation is taking place or the 
rate at which the temperature and hydrogen composition change has no effect on 
stress, entropy, chemical potential, hydrogen and heat flux. Furthermore, the 
constitutive assumptions (29) are in accord with the second law of thermodynamics 
written in the form of the local dissipation ineq. (28). The discussion here concerns 
the postulate of COLEMAN and NOLL (1963) that any constitutive assumption 
should be such that the Clausius-Duhem inequality (23) holds for all admissible 
processes. Thus, at any given time t, a set of functions 
{E,T,N,f,S,s,µ,j,h }, (30) 
where T > 0, E is the Green strain measure of the deformation of the body, and f, S, 
s, µ, j, and h are defined by eqs. (29), which is compatible with the law of balance of 
linear momentum, eq. (8), the law of balance of energy, eq. (22), and the law of 
conservation of hydrogen mass, eq. (14), always satisfies ineq. (28). Indeed, 
substituting eq. (29a) into the local dissipation inequality (28), one obtains 
a1 1 . (aJ ) . (aJ ) . 
1 '' Po '' ar aN ( )
-S.. -E..+ -+s T+ --µ N 
a Po E;i 
+ aJ aF,; + a1 dN,i +-I h.T .<0 
ar,; dt aN,; dt pT ' ,, - ' (31) 
which in view of eqs. (29) and p > 0 reduces to 
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(32) 
which is expected always to be true on physical grounds. Heat flows from regions of 
high temperature toward regions of low temperature. 
Differentiating equation (29a) and using eqs. (29b, 29c and 29d), one finds 
. 1 . . . 
f =-S..E .. -sT+µN, Po •1 •1 
(33) 
1 
S = S(-E,T,N), (34) 
Po 
1 
s = s(-E,T,N), (35) 
Po 
1 
µ = µ(-E,T,N). (36) 
Po 
Equations (27) and (33) combined yield 
1 . . 
u=-S..E .. +Ts+µN. Po •1 •1 
(37) 
Comparing eq. (37) with eq. (22) and using eq. (25), one finds 
T. . 1 h . s = r-- ii= q. 
p ' 
(38) 
Therefore an isentropic process is adiabatic as is always the case in linear 
thermoelasticity (CARLSON, 1972). Equation (38) indicates that diffusing hydrogen 
causes an entropy increase at the same rate that heat is generated in the body due to 
the formation of solution. 
The specific heat at constant volume measured per mole of material lattice in 
y, per degree K is defined to be a positive quantity such that 
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au' cv = r > o, 
Eii,N 
(39) 
where the form of the function u is given by eqs. (27) and (29a). Combining eq. (37) at 




Equation (41) implies that eq. (35) is smoothly invertible in T and therefore eqs. (27) 
and (29a) provide 
1 
u = u(-E,s,N). (42) 
Po 





T = aul 
as E-- c' 
9' 
(44) 
aul µ= 'iJN . 
Eij,s 
(45) 
Equations (33) and (37) indicate that the Helmholtz free energy is the portion of the 
internal energy u available for doing work and motivating hydrogen diffusion at 
constant temperature. Equations (29a), (33), (42), and (37) indicate that the Helmholtz 
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free energy f may be found by a Legendre transformation on the internal energy u 
which replaces the entropy s by the temperature T as independent thermodynamic 
variable. The condition stated by inequality (41) ensures the existence of the 
transformation. 
Defining enthalpy h measured per mole of material lattice in q-1 such that 
and using eq. (37), one obtains 
From eqs. (42) and (43) 
S = S(_!_E,s,N) 
Po 
and assuming that the Jacobian 
i)Sii 
det -0(...,,..-l ~E-J"""• 






one can invert eq. (48) so that E/p0 = E(S,s,N). For a hyperelastic material the 
statement (49) is a consequence of the convexity of the strain energy density 
function. Then, equations (42) and (46) yield 
h = h(S,s,N) 
and hence from eq. (47) 
_!__E .. =- oh 









Therefore, enthalpy h may be found by a Legendre transformation on the internal 
energy u which replaces E/p0 by S as an independent thermodynamic variable. 
Equations (37) and (47) indicate that the enthalpy represents the portion of the 
internal energy corresponding to thermal conduction and hydrogen diffusion when 
the stress is held constant. Enthalpy is associated with the specific heat at constant 
pressure defined by 
and by eq. (47) 
The Gibbs free energy, measured per lattice mole in {jt, is defined by 
and with use of eq. (37) 
Equations (42) and (44) imply 
1 
T = T(-E,s,N), 
Po 
and with use of eqs. (41) and (49) equations (48) and (58) may be inverted to yield 
1 









s = s(S,T,N). 
Substituting eqs. (59) and (60) into eqs. (42) and (56) yields 
g = g(S,T,N), 
which combined with eq. (57) furnishes 
_}_£_. =- i)g 
'1 '.:\ ' Po aS.. 
IJ T,N 






The Gibbs free energy g may be found by a Legendre transformation on the internal 
energy u which replaces E/p0 and s by S and T respectively as independent 
thermodynamic variables. Equation (64) reveals another standard definition of the 
chemical potential of hydrogen in terms of the Gibbs free energy. That is, the 
chemical potential of an atom at position x of the stressed solid is equal to the 
change in the Gibbs free energy due to the introduction of a hydrogen atom in the 
position x under constant stress S and temperature T from its "standard state" at the 
same temperature and constant pressure. 
In sum, the governing equations for a nonlinear elastic material can be stated 
as follows: 
(i) kinematical relations 
F=Vx=l+Vu, 
1 T E=-(F F-1). 
2 
(ii) Dynamical equilibrium equations in terms of the Cauchy stress 




(iii) Energy equation 
T. . 1 h . s=r-- .. =q. p ,,, 
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(iv) Constitutive relations in terms of the Helmholtz free energy potential 
1 
f = f(-E,T,N), 
Po 
1 
S = S(-E,T,N), 
Po 
1 
s = s(-E,T,N), 
Po 
1 
µ = µ(-E,T,N). 
Po 
. DpNV J=--- µ 
kT 
1 
h = h(-E,T,N, VT, VN), 
Po 
S a1 . ij-(1 J' a-Eii 
Po T,N 
a11 µ=aN . 
Eij,N 
Alternatively, part (iv) may be replaced by 













g = g(S,T,N), (650) 
_!_£._ =- ag (65p) 








2.3 Linear theory for elastic materials 
The linearized governing equations for an elastic material are obtained by 
assuming that the displacement gradient and its rate of change are small; the 
temperature and concentration fields are nearly equal to given uniform fields T0 
and N0 called respectively the reference temperature and the nominal 
concentration; the temperature rate, the temperature gradient, the concentration 
rate, and the concentration gradient are small. Thus, it is assumed that the 
magnitude of lui.JI, !¼.JI, IT-Toi, ltl, IN-N0I, and !NI, are of O(E), where E can be made 
infinitesimally small. Under these conditions the derivatives 0,; and (), 1 are equal 
to first order and it is immaterial whether gradients are formed by differentiating 
with respect to material or spatial coordinates. Hence, equations (65a) and (65b) 
furnish 
F.. = 8 .. +O(E), 
•J •J 
where 
£ .. = .!.(u .. + u. -) 





are the components of the strain tensor of infinitesimal elasticity. Consequently, 
equation (67) yields 
• • 2 
E;i = £ii + 0( £ ). 
By eqs. (65g) and (67) 
S = S(_!_E,T,N), 
Po 
and then by eqs. (20), (66) and (70) 
1 1 





to 0(1). The body is assumed to be stress free in the reference configuration, that is, 
there are no residual stresses at time t = 0. In addition, the corresponding hydrogen 
concentration and temperature fields in (j0 are assumed uniform throughout the 
body and equal to the reference temperature T0 and the nominal concentration N0 
respectively. By eq. (71) the condition for zero residual stress is 
(72) 
Expanding the stress cr, as given by eq. (71), in a Taylor series about E = 0, 







are the components of the fourth order isothermal stiffness tensor, or stiffness 











are the components of the stress-hydrogen tensor. Definition (74) along with eqs. 
(71) and (651) imply symmetry of the isothermal elasticity tensor. Symmetry of the 
stress-temperature and stress-hydrogen tensors results from the symmetry of the 
stress tensor er and definitions (75) and (76). 
Next, the linearized form of the energy eq. (65e) is derived. By eqs. (65h) and 
(67) 




s= Po Po t+ Po N. (77) 
a(;; E;; J 
-E--+ p '1 ar i:)N . 0 
T,N Eij,N E;;,T 




= --'-P..:;.-o ----::----1 








I iJs(-emn,T,N) ds =-~P~o---1 




"'I I dS(-Emn,T,N) 
!!.!._ =-~P-=-o ___ 1 







Upon differentiation, equations (651) and (65m) yield the Maxwell relation 
iJs _ iJSij 






Expanding both sides of eq. (81) in Taylor series about £ = 0, T = T0 , and N = N0, and 










=--..:....P~o __ _ 
dT 









Using eq. (65h) to expand the right hand side of eq. (40) in a Taylor series about E = 0, 







Substituting eqs. (80), (83) and (84) into eq. (77) gives 
1 
ds(-Emn,T,N) 
. - 1 M . c, ·r· Po N. s--- .. £ .. +- +-----, 











where the forms of s andµ are given by eqs. (65h) and (65i). 











to 0(1), and substituting into eq. (85) implies 
1 
aµ(-e_,T,N) 






Inverting the constitutive relation (73) yields 












are called the isothermal compliance tensor or the compliance tensor at fixed solute 
composition, the thermal expansion tensor and the hydrogen expansion tensor 
respectively. Then from the linearized constitutive eq. (89) 
25 
(93) 
to 0(1). Equations (65p) and (65r) combined yield the Maxwell relatio11 
(94) 
which with use of eqs. (67) and (71) becomes 
(95) 
Equations (93) and (95) can be used to evaluate aµJaaii to 0(1) as a function of stress 
O' at constant temperature T and hydrogen concentration N: 




Integrating eq. (96) while keeping the temperature and the hydrogen concentration 
constant yields to 0( E) 
µ(a;i,T,N) = µ(-p6ii,T,N)-Hiiaii - pHa, (97) 
where -p6ii denotes a stress state of pure hydrostatic pressure p at which for an 
interstitial solid solution (LARCHE and CAHN, 1985) 
aµ =AkT 
"i)N P N' 
(98) 
where f3 is a constant equal to unity when the solution is ideal. Integrating. eq. (98) 
for an ideal solution yields 
µ(-p6,, T,N) = µ 0 + kT In(:.} (99) 
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where µ 0 is the chemical potential of hydrogen for the "standard state" at the same 
pressure and hydrogen concentration equal to the nominal N 0 • Substituting eq. (99) 
into eq. (97) gives to 0(e) 
µ(a,;,T,N) = µ 0 + kTln(:, )- H,a, - pH.,, 
which in conjunction with eq. (73) yields to 0(1) 
aµ I = k ln(!!_J- H .. M .. ' ar,e .. N No ,, lj .. 
(100) 
(101) 
where the hydrogen expansion tensor H has been evaluated at the reference 
temperature T0 and zero stress through eq. (93), and the stress <J has been evaluated 
by linearization about E = 0 as indicated by eq. (73). Under those circumstances eq. 





and substituting into eq. (88) one finds to O(E) 
(102) 
(103) 
The final form of the energy equation is obtained from eq. (65e) with use of eq. (103). 
Thus, taking into account that for deformations with infinitesimal strains, p = p0, 
one finds to 0( e) 
(104) 
27 
In the case of linear thermoelasticity, that is, in the absence of hydrogen in the 
present analysis, the energy equation (103) can be integrated under isentropic 
conditions of heat conduction through the body to yield the temperature drop 
during adiabatic straining as 
(105) 
Substituting this result into eq. (73) yields 
(106) 
where cs is called the isentropic stiffness tensor and is given by 
(107) 
A similar situation arises in the case of linearized hydrogen elasticity, that is, 
when hydrogen diffuses through the material while the reference temperature Ta 
remains constant in time and uniform throughout the body. By linearizing the 
second term in the right hand side of eq. (100) about T = Ta and N = N0, one obtains to 
O(e) the complete linearized form of the chemical potential,µ, about ff:c:0, T=Ta, 
and N=N0 as 






Linearizing eq. (65j), one finds to O(e) 
(110) 
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where Vµ is given by eq. (109). The steady state or equilibrium concentration of 
hydrogen can be found from eq. (109) by setting Vµ = 0 which follows from eq. (110) 
when j = 0. Under those conditions, integration of eq. (109) from N = N0 at a= 0 
gives to O(E) the local hydrogen concentration in terms of the corresponding stress 
as 
H..<J .. 
N - N = _!L_!L. N . 
o kT. o 
0 
(111) 
Substituting this result into eq. (89), one finds that the linear constitutive behavior 
of a material at uniform constant temperature T0 containing interstitial hydrogen in 
equilibrium with local stress is described to O(E) in the standard form of Hooke's 
lawby 
(112) 
with the hydrogen effect being accounted for, through a hydrogen dependent 
compliance tensor Kµ given by 
µ H;jH/d 
K..kl = K .. ld + PoNo --'--
IJ lJ kT. 
0 
(113) 
Tensor Kµ is called the compliance tensor at fixed solute chemical potential. 
It is worth noting that in the case of linear thermoelasticity the constitutive 
law at any reference temperatures T0 is expressed in terms of the corresponding 
isothermal stiffness tensor C and the stress-temperature tensor M through eq. (73) 
from which the term L;/N -N0 ) due to hydrogen has been dropped. In particular, if 
the heat conduction in the body happens isentropically, the constitutive law (73) for 
the linear thermoelasticity can be stated solely in terms of the isentropic stiffness 
tensor cs. Isentropic conditions are usually met at deformations of short duration 
where there is insufficient time for heat exchange among the particles of the body 
and between the body and the surroundings. In the case of linearized hydrogen 
elasticity the constitutive law is expressed at any nominal hydrogen concentration 
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N0 in terms of the stiffness tensor at fixed solute composition, K = c-1 , and the 
hydrogen expansion tensor H through eq. (89) in which the term A;i(T-To) due to 
temperature is set equal to zero in view of T = To throughout the body at all times. In 
particular, at steady state, that is, after sufficient time has passed and the diffused 
hydrogen has neutralized the local chemical potential gradients by relaxing to the 
concentrations given by eq. (111), the constitutive law (89) for the linearized 
hydrogen elasticity can be written solely in terms of the compliance tensor at fixed 
solute chemical potential K11 • Note that unlike the isentropic conditions in linear 
thermoelasticity, which are prevalent during fast straining, the corresponding iso-
chemical potential conditions in linearized hydrogen elasticity are achieved 
practically after an infinitely long time of hydrogen diffusion. Notice also the direct 
analogy between the coupled diffusion and deformation in fluid.,.infiltrated 
geomaterials (RICE and CLEARY, 1976) and the linearized hydrogen el~sticity. The. 
"undrained deformation" and the associated "undrained moduli" at constant fluid 
mass content m correspond to the deformation at constant hydrogen solute 
concentration N0 and the related moduli defined by eq. (74) at fixed solute 
composition. In both fluid-infiltrated and hydrogen containing solids the conditions 
for undrained deformation and deformation at fixed solute composition 
respectively are obtained during fast straining. "Drained deformation" at constant 
pore pressure P and the related "drained moduli" correspond -to equilibrium 
situations at fixed solute chemical potential potential µ and the associated moduli 
defined by eq. (113). Both drained and fixed solute chemical potential deformations 
are the case when the straining is slow. 
Solution of the energy equation (104) yields the simultaneous evolution in 
time of the temperature and hydrogen concentration fields T and N respectively. 
The solution can be facilitated by observing that term p07;iHiiM/:V can be neglected 
when compared to term T0Mi,ii if the strain rates induced by the dissolved hydrogen 
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are much less than those caused by the applied loads. In particular, this is true in the 
case of isotropic elasticity of dilute solutions, when t:\vC << ekk, where L\v is the 
dilatation of the host lattice per hydrogen atom. Hence, as in linear thermoelasticity 
(CARLSON, 1972), the terms p0T0HiiM/V and ToMiieii may be neglected in comparison 
to p0q and p0cf. As a result, the system of governing equations becomes uncoupled 
in the sense that the temperature field can be found independently by solving the 
energy equation (104) in the form 
(114) 
where the divergence of the heat flux, when treated as unaffected by hydrogen, can 
be linearized and written in terms of the conductivity tensor in the standard form of 
the Fourier heat conduction law (CARLSON, 1972). The evolution of the hydrogen 
concentration field can then be found by combining eqs. (14), (109) and (110) to 
establish the standard diffusion equation in which the hydrogen concentration and 
stress fields are coupled. In the rest of this paper the discussion focuses on the static 
linearized hydrogen elasticity, where it is assumed that hydrogen diffuses into the 
material, while the body's temperature To is uniform and does not change with 
time. 
Linearizing eq. (15) about N = N0 and p = p0, gives 
C=p0N (115) 
to 0(1). Then, one may summarize the governing equations of linearized hydrogen 
elasticity at nominal hydrogen concentration C0 and reference temperature To as 
follows: 
(i) strain-displacement relations 
£ .. = .!.(u- . + u. -) if 2 ,., J,• 
(ii) Equilibrium equations 





(iii) Stress-strain relationship 
E;j = Kij1cl:Jk1 + H/C-Co), (116d) 
where C0 is the nominal hydrogen concentration equal to p0N0 by eq. (115), and the 
linear form of the hydrogen expansion tensor is given by 
H .. = _•1 . (ac••) 
I} ac 0-ij=O (116e) 
T=T0 
At steady state constitutive law (116d) can be cast into 
(116f) 
where Kµ is the compliance tensor at fixed solute chemical potential given in 
component form by 
µ HijHld 
K..ld = K .. kl +Co~-. 
IJ IJ kT. 
0 
(116g) 
(iv) With use of eq. (14) the linearized transient hydrogen diffusion law is written as 
where 
C'=-V.j, 




by combining eqs. (109) and (110). At steady state, solution to eqs. (116h) and (116i) 
gives the hydrogen concentration in equilibrium with local stress as 
C - C = H;icr ij C 
o kT. o, 
0 
(116j) 
where the concentration C0 at zero stress has been used as a boundary condition. 
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2.4 Isotropic linearized hydrogen elasticity 
Assume that nH hydrogen moles are introduced in a stress free region of nM 
host metal moles with the local hydrogen concentration thus being c = nH/nM 
hydrogen atoms per host metal atom. The solution of hydrogen into a stress free 
metal lattice is characterized by a volume dilatation .1v of the host lattice per 
hydrogen atom (PEISL, 1978; HIRTH, 1980). Volume change -6.v is directly related to 
the partial molar volume of hydrogen by 
(117) 
where NA is Avogadro's number. For dilute solutions, c << 1, the concentrations C, 
c, and N are related by 
C=.!:._= N n V. , 
M 
(118) 
where n = VM/NA and VM = 1/Po are the mean atomic and molar volumes of the host 
metal lattice. The local unconstrained volume dilatation of the lattice volume 
V=nMV:M is .6.V=nHNA-6.v, (SOFRONIS and BIRNBAUM, 1993). Hence, the 
corresponding unconstrained dilatational strain is 
and setting 
H 8V 





one may write with use of eq. (118) the local hydrogen induced strain at zero stress as 
e~ = ..!.Ac8 .. = ..!.Anes ... './ 3 lj 3 lj (121) 
The strain tensor £H is often referred as the hydrogen induced transformation strain 
in the treatment of the hydrogen mechanical effect (SOFRONIS and BIRNBAUM, 
1993). Introducing eq. (121) into eq. (116e) yields the hydrogen expansion tensor as 
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1 
H;j = 3)..Qoii. 
Substitution of eq. (122) into eq. (116d) furnishes 
1 
E;j = KijklO'kl + 3A.!l(C-Co)Oii, 
and for isotropic material eq. (123) becomes 
l+v V 1 
£ .. =--er .. --crLLo .. +-ill(C-Co)o .. , 




where E is the Young's modulus and v is the Poisson's ratio at fixed solute 
composition C0 and zero external applied stress. Inserting eq. (124) into the 
compatibility conditions (SOKOLNIKOFF, 1956) 
£ .. kl + Eld .. - Eilc ·1 + e ·1 'k = 0 l}, ,IJ ,} J ,l (125) 
and using the eqs. (116b) and (116c) in the absence of body forces, one obtains the 
following six independent compatibility equations written in terms of crii and C: 
aij"" + - 1-cr _ ii = _.!.An(~c.ij +_E_c,"" oij)• 
· l+v · 3 l+v 1-v 
(126) 
Contraction on i, j results in a relationship between the Laplacian, V2 () = (),;;, of the -
hydrostatic stress cr"" and the Laplacian of the hydrogen concentration C: 
v2cr = - 2 ~)..nv2c. 
kk 31-V 
(127) 
The equation for the transient hydrogen diffusion is found by combining eqs. (116h), 
(116i) and (122): 
and by replacing V2cr"" by V2C from eq. (127) to get 
C=DeffV2C, 




D = n(1 + 2 Co _!!__ ~n,2 )· 
elf 9 kT, 1-v 
0 
(130) 
Next, the Young's modulus Eµ, Poisson's ratio vµ, and shear modulus Gµ at 
fixed solute chemical potential will be evaluated in terms of the corresponding 
moduli E, v, and G at fixed solute composition. Since the hydrogen expansion 
tensor is purely hydrostatic for crystals of cubic symmetry or for an isotropic solid, 
any moduli defined in terms of the deviatoric stresses and strains are the same 
regardless of whether they are defined under fixed solute composition or fixed 
solute chemical potential. Hence, for isotropic hydrogen elasticity the shear 
modulus must satisfy 
(131) 
and combining eq. (116g) when the material is isotropic with eqs. (122) and (131), one 
finds 
where 





and c0 is the nominal concentration measured in hydrogen atoms per metal atom. 
The bulk modulus Bµ at fixed solute chemical potential is then given by 
(135) 
where B is the bulk modulus at fixed solute composition. Equation (133) indicates 
that the Poisson's ratio at fixed solute chemical potential becomes non-positive 
when 
> 9vk'I'o 
Co - EfJ.').: . 
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(136) 
Equations (131), (132), (133), and (135) are identical with eqs. (5.6) in the work 
of LARCHE and CAHN (1985). However, the hydrogen concentration to be used in 
the formulae (5.6) of LARCHE and CAHN (1985) is not predicted by their theory. On 
the contrary, in this work, the hydrogen concentration to be used in the evaluation 
of the moduli at fixed solute chemical potential is the concentration about which 
the linearization of the field equations has been carried out. So for a system that is in 
contact with a chemical reservoir, the composition at equilibrium under zero stress 
is not only "usually a good choice" as LARCHE and CAHN (1985) maintain, but in 
fact, it is the right choice since it constitutes the physical basis for the linearization. 
Inserting eq. (122) into (116j) yields the steady state equilibrium concentration C - C0 
in terms of the hydrostatic stress a kk: 
(137) 
Using eqs. (132), (133), (134), and (118), one may write eq. (130) for the effective 
diffusion constant in terms of the Poisson's ratios at fixed solute composition and 
chemical potential as 
(138) 
Equations (129) and (138) describe the stress and concentration driven non-steady 
state hydrogen diffusion at given nominal concentration C0 • The stress effect has 
been absorbed into the effective diffusion constant, Deft' and therefore, existing 
solutions for hydrogen transient diffusion according to Fick's second law can be 
used where the normal lattice diffusion constant, D, is replaced by Deft• 
Consequently, the linearized hydrogen isotropic elasticity problem is uncoupled in 
the sense that the solution for the hydrogen concentration can be found directly in 
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terms of the diffusion constant D and the Poisson's ratios v and vµ at fixed solute 
concentration and fixed solute chemical potential respectively. The hydrogen 
concentration field changes during straining and large concentration gradients may 
develop after long diffusion times. In that case, a new updated concentration C0 may 
be needed in order for the linearization conditions to continue to be valid. A new 
average reference concentration can be calculated from eq. (137) which provides a 
new Poisson's ratio, vµ, and in turn a new effective diffusion constant, De.If' which, 
as a result of its calculation, is stress dependent. Therefore, after long diffusion 
times, the transient hydrogen diffusion equation depends implicitly on the applied 
stress through the updating of the reference concentration. 
Application: H/TA, H/Nb, H/V and H/Fe systems 
The Young's modulus and Poisson's ratio for the hydrogen free material 
were taken to be the moduli E and v at fixed solute composition. This 
approximation is fairly reliable in the case of dilute solutions. Thus, E was taken 
equal to 189.35 GPa, 87.1 GPa, 128.8 GPa, 200GPa and v equal to 0.339, 0.415, 0.352, 
0.300 respectively for Ta, Nb, V, and Fe. The data for the Nb system are from the 
work of MAZZOLA! and BIRNBAUM (1985a, 1985b); those for Ta and V are from 
HIRTH and LOTHE (1982); and those for Fe from the METALS HANDBOOK (1985). 
The· atomic volume Q for Ta, Nb, and V was calculated 0.1810-28 m3 / atom from the 
0 
lattice parameter a=3.301A, and that for Fe was calculated 0.1210-28m3 /atom from 
0 
the magnitude of the dislocation's Burgers vector b = 2.5A (METALS HANDBOOK, 
1985). The ratio of volume expansion per hydrogen atom to volume of the host 
lattice atom is A= 0.155, 0.174, 0.190 correspondingly for the H/TA, H/Nb and H/V 
systems (PEISL, 1978); and A= 0.276 for the Fe/H system a value which corresponds 
to a partial molar volume of hydrogen in solution of 2cm3 / mole (HIRTH, 1980). 
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In Fig. 1, Young's modulus Eµ, Poisson's ratio vµ and Bulk modulus Bµ at 
fixed solute chemical potential, as given by eqs. (132), (133) and (135) respectively, are 
plotted against nominal hydrogen concentration c0 for the H/Ta, H/Nb and H/V 
systems at T = 300K. In the same figure the effective diffusion constant Deft as given 
by eq. (138) is plotted too. The elastic moduli Eµ, Bµ are normalized respectively by 
the moduli E, B at fixed solute composition and the effective diffusion constant, Deft' 
is normalized by the normal lattice diffusion constant D. The ratio D elf ID is greater 
than unity because of the stress effect on the diffusion of hydrogen. The moduli 
Eµ, vµ, Bµ decrease with hydrogen concentration and the implications of this 
behavior to the dislocation plasticity and fracture of the materials are discussed in 
Section 4. The minimum nominal concentration c0 at which the parameter vµ 
becomes negative at temperature 300K is calculated from eq. (136) to be 0.154, 0.326, 
0.201 and 0.061 for solute hydrogen in Ta, Nb, V, and Fe respectively. Therefore, a 
negative Poisson's ratio at fixed solute chemical potential may, indeed, be the case in 
the Ta, Nb and V systems, but it is definitely impossible for the Fe system where the 
hydrogen solubility is very small, that is, of the order of 4 hydrogen atoms per 108 Fe 
atoms in equilibrium with gas at one atmosphere pressure (JOHNSON, 1974). 
3. SINGULAR SOLUTION FOR EDGE DISLOCATION AND LINE 
FORCE 
3.1 Governing equations for plane strain deformation 
Throughout this section Greek indices are used for the range 1, 2 and a 
repeated Greek index implies summation over the range. In plat1.e strain 
deformation, parallel to the xl'x2-plane, the component 1'3 of the displacement 
vector vanishes and the components ½ and u2 are functions of the coordinates x1 
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and x2 but not of Xy As a result, the kinematic constraint E3 j = 0 in conjunction with 
constitutive eq. (124) requires 
and hence 
Then, the constitutive eq. (124) can be written as 
E 
2GEaf3 = craf3 - vcr'Yl'oaf3 +-AQ(C-Co)Oar,. 
3 






and with use of eq. (140) for the hydrostatic stress the compatibility condition (127) 
becomes 
(144) 
Lastly, combining eqs. (137), (132), (133), and (134) one finds that at steady state, i.e at 
time t = 00 , the in-plane hydrostatic stress an is related to the corresponding 
equilibrium concentration by 
(145) 
If cr11 , cr22 , cr12 , and C are chosen as the independent field variables the governing 
equations are described by the the set of eqs. (139) through (144) along with the 
transient diffusion eq. (129) which, as was discussed in Section 2.4, can be solved 
directly under appropriate boundary and initial conditions. 
In order to solve for the stresses cr11 , cr22 , and cr12 , following RICE and CLEARY 
(1976) one may define 
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E 
4Re[<I>(z,t)] = <JYY +--Ail(C-C0), 
3(1-v) 
(146) 
where <I>(z,t) is an analytic complex function of the complex variable z = x1 + bc2 with 
i = P.. Re means 'real part of', and as is indicated by eq. (146) the function <I>(z,t) is 
in general time dependent. It may be assumed that immediately after the 
introduction of the edge dislocation into the perfect crystal (t = o+) the classical 
elasticity solution based on the m.oduli v, E, and G at fixed solute composition C0 
applies. Similarly, the classical elasticity solution based on the moduli v11 , E11 , and G11 
at fixed solute chemical potential applies at steady state (t = 00). Therefore eq. (146) 
yields 
(<J'YY)o+ = 4Re[<I>(z,O+)], 
and in conjunction with eq. (145) 
1-v 
(ayyL = 4 1 _ vµ Re[<I>(z,oo)]. 
(147) 
(148) 
If the function <I>(z,t) is time independent it should satisfy <I>(z,O+) = <I>(z, 00). In that 
case eqs. (147) and (148) indicate that traction boundary value problems are excluded 
since in these problems the solution for the stresses does not depend on the elastic 
moduli. Furthermore, eqs. (147) and (148) indicate that in order for <I>(z,0+) = <I>(z, 00) 
the solution for arr should be inversely proportional to a factor 1-ve so that 
1-v 
<JYY = 4 1 _ Ve Re[ <I>(z,t) ], (149) 
where ve is an effective Poisson's ratio such that ve = v at t = o+ and ve = v11 at t = oo, 
This is, as RICE and CLEARY (1976) observe, exactly the feature of some basic 
singular elasticity solutions, such as the classical plane strain solutions for an 
isolated edge dislocation and an isolated line force, which has led us to extract their 
counterparts in linear isotropic hydrogen elasticity. 
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3.2 Plane strain solution in terms of complex potentials 
Following the corresponding formalism in classical elasticity 
(MUSKHELISHVILI, 1953), one can express the solution to the plane strain 
governing equations for the stresses and displacements in terms of two analytic 
functions, complex potentials <l>(z,t) and '¥(z,t) of the complex variable z = x1 + ix2. By 
considering z and its complex conjugate z = x1 - ix2 as the pair of independent 
variables, one may write the hydrogen concentration C(xi,x2 ,t), which is not an 
analytic function, as C(z,z,t). By setting 
er11 + er22 d er=--=-~ an er -er t = 22 11 + ier 2 12• 2 
equilibrium eqs. (142) and (143) become 
d't der 
dz= dz· 
By eqs. (146) and (150) 
E -er= 2Re[<l>(z,t)]---W(C(z,z,t)-C0 ), 
6(1-v) 
and upon differentiation 
der d<l>(z,t) 
= E Wd(C(z,z,t)-C0 )_ 
6(1-v) dz 
Inserting this result into eq. (151) and integrating yields 
_ d<l>(z,t) \Tl( ) E ~ ~Jz d[ C(z,<;,t)-CoL, t=z---+ r z,t ----JU,.,1. ~-----u<;, 






where the lower limit of integration / (z,t) is an arbitrary analytic function to be 
chosen accordingly with the boundary conditions of the problem, and the analytic 
function 'P(z,t) is an arbitrary function of integration. 
The expressions for the displacements u,_ and l½. are obtained as follows: 
Constitutive eqs. (141) combined with eqs. (150) yield 
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ell+ e22 = -1-[ci- 2v)cr + E W(C- Co)], 
2 2G 3 
(155) 
(156) 
Using the strain-displacement relations (116a), one can easily show that 
(157) 
e22 - ell . d(Ui - iUi) 
+ze12 = - ":'\ · 
2 uz 
(158) 
Inserting eqs. (152) and (154) into eqs. (155) and (156) respectively and combining the 
result with eqs. (157) and (158), one finds by integration that 
E z 
2µ(Ui -iUi) = (3-4v)<j>(z,t)- z<I>(z,t)-'l'(z,t)+--lnf [C(z,c;,t)-C0 ]dc;, (159) 
. ~-~ ~~ . 
where 
d<p(z,t) = .m( ) 
dz 'V z,t (160) 
and 
d'lf(Z,t) = me )- E ".\ '"'[C( f( ) )- C ] df(z,t) ":'\ r z,t ~1. z, z,t ,t O ":'\ • 
uz 6(1-v) uz 
(161) 
The resultant force Fi +iFz exerted through any segment, defined by the arc 
length s0 and s of its ends, of a contour in the Xi, x2 plane can be found by 
integrating the traction vector 7;. + iTz. Thus 
-i(Fi - iFz) = -ifs (I;. - a;)ds = Js ( adz + tdz ). 
so so 
(162) 
Since the integrand adz+ tdz is a perfect differential, the integral of eq. (162) can be 
calculated in any simply ·connected region containing no singularities to be 
-i(Fi -iFz) == z<I>(z,t) + <p(z,t) + 'Jf(z,t)- E Mlf' [ C(z,c;,t)- C0 ]dc;. (163) 6(1- v) /(z,t) 
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3.3 Edge dislocation and point force 
Consider a stress free infinite solid with a uniform hydrogen composition C0 • 
The linear elastic constitutive behavior of the material is characterized by the 
isotropic moduli E, v and G at fixed solute concentration C0 • At time t = 0 an edge 
dislocation with Burgers vector b = b1 + ib2 is suddenly introduced, but quasi-
statically, and a point force P = Pi_ + iPz, which is also turned on at the same time, acts 
at the origin. The dislocation and force are to be maintained at all times t > 0. As a 
result, there exist chemical potential gradients which motivate hydrogen diffusion. 
Eventually, at t = 00 , the material is characterized by the moduli Eµ, vµ, and Gµ = G at 
fixed solute chemical potential and the hydrogen concentration field C assumes its 
steady state value 
(C- C ) = 12(v-vµ)(l- v) 1 Re[<I>(z oo)] 
0 = E(l- vµ) l.Q ' ' 
(164) 
which is found by combining eqs. (145) and (148). In these two limit cases, i.e at t = 0 
and t = oo, the classical elasticity solution applies and the corresponding complex 





'P(z) = -2Gb + (3- 4ve)iP 1 







Ve= v at t = o+ and ve = vµ at t = oo. In addition, the in-plane hydrostatic stress in 
these two limit cases is given by 
cr = 4~ Re[_!.]. 
rr l-ve z 
(168) 
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By comparing eqs. (149) and (168), one deduces that at t = o+ and t = 00 the function 





and therefore condition <I>(z,0+) = <I>(z, 00) is satisfied. Next a solution is found which 
verifies that function <I>(z,t) is time independent. 




at t = o+. The solution to the transient hydrogen diffusion eq. (129) subject to 
conditions (170) and (171) is given by 
(172) 
Notice that as the distance from the origin increases the hydrogen concentration C, 
calculated from eq. (172), tends to the nominal concentration C0 which prevails far 
away from the dislocation core where the lattice is essentially unstressed. Solution 
(172) is compatible with dislocation cores which exhibit an infinite capacity to 
accommodate hydrogen on the tensile side and an infinite ability of the compressive 
side to provide hydrogen. The latter implies negative hydrogen concentrations in 
the region of compressive hydrostatic stress. This result, which is discussed in detail 
in the next section, is related directly to the linearized theory used to characterize the 
hydrogen diffusion. 
In order to use eqs. (159) and (163) the integral 
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I= r ('lJ + 'lJ )exp(-.3._)d~ 
•o Z ~ 4Defft 
= 4~ef,t [exp(-----5L_)- exp(___!!_)]+ 'lJ log( z \) + r [exp(-_3_)-1] 'lJ d~ 
Z 4Defft 4Defft z0 •o 4Defft ~ (173) 
is needed where the function f(z,t) has been replaced by the real constant z0 • It will 
be seen that z0 = 0 in order for the transient solution to agree with the classical 
elasticity solution at t = o+, eq. (171), and t = oo, eq. (170). In that case eq. (173) indicates 
that / diverges at the origin and generates a jump in Ui + iUi, and F;_ + iF;_ as in the 
classical elasticity. Notice also that this jump in / is independent of time. Thus, as 
RICE and CLEARY (1976) observe, only the integral's contribution which generates a 
function with a branch cut associated with a jump in the displacement and force 
will be considered. Hence 
\ 
4'1JDefft [ ( iz )] - 1{ ( z~ ) ] 'lJ I= 2 1-exp -- +'lJlogz+ 0 exp --- -1 -d~. 
z 4De1,t 4Defft ~ 
(174) 
Next, it is proposed that 
c:p(z,t) = A(t)logz and 'Jf(z,t) = B(t)logz (175) 
so that the jump conditions generated by eqs. (174) and (175) when using them in 
eqs. (159) and (163) take the forms 
- - v-v,... -
2Gb =(3-4v)(-21ti)A(t)-21tiB(t)-21ti . 'lJ, 
(1-v)(l-v,...) 
iP =-21tiA(t)+21tiB(t)+21ti v-v,... 'lJ. 
(1- v)(l-v,...) 









Substituting this result into eqs. (175) and using eqs. (160) and (161) with f(z,t) = 0, 
one finds 
1 ']J 
<l>(z,t) = ---, 
1-v z 
in agreement with eq. (169) at time t = 0 and t = 00 , and 
ni( ) = -2Gb + (3- 4vµ)iP 1 




So the complex potentials <l>(z,t) and 'P(z,t) for the transient stress field are 
correspondingly the complex potential <l>(z) at time t = o+, i.e at fixed solute 
composition, and the complex potential 'P(z) at time t = oo, i.e at fixed solute 
chemical potential. The time dependent stress field may now be obtained from eqs. 
(152) and (154). For this purpose the integral ( a[C(z,c;,t)-"-C0]/azdc; is needed, and in 
fact with use of eq. (172) 
(181) 
'lJ [ ( ZZ J ( ZZo J] +- exp --- -exp ---
z 4De1,t 4D efft 
By imposing the known elasticity solution at t = o+ and t = oo in eq. (154), one 
deduces z0 = 0, as has already been mentioned, and hence 
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(182) 
+ 1J [exp(-__!!___J-1] 
z 4Defl 
Application: an isolated edge dislocation 
In the case of an isolated edge dislocation with Burgers vector b parallel to the 
x1 axis, as is shown in Fig. 2, P = 0 and 1J = Gb/4ni. Then the linearized transient 
hydrogen concentration field is given by eq. (172) as 
(183) 
and at t = 00 , i.e at steady state, 
£ = 1 _ 3 ( v - vµ) b sin 0. 
C0 21t (1 + v)(l-vµ) c0A r 
(184) 
One may check the result of eq. (184) by calculating the steady state hydrogen 
concentration directly from the non-linear form (100) for the chemical potential of 
hydrogen. Substituting the result of eq. (122) for the hydrogen expansion tensor into 




By observing that at regions far away from the dislocation core the unstressed lattice, 
cr = O, is characterized by hydrogen concentrations at the nominal level C0 , one may 
integrate eq. (185) to find 
£ = exp( ).,Qcr kk J 
C0 3kT0 
(186) 
at t = oo. Substituting into eq. (186) the value for cr kk as calculated from the classical 
elasticity solution for the dislocation stress field with use of the moduli at fixed 
solute chemical potential yields the nonlinear steady state solution as 
C ( 3 ( v - vµ) b sin 0 J 
C0 = exp - 21t (1 + v)(l- vµ) c0A r · 
(187) 
This Boltzmann type of approximation (HIRTH and CARNAHAN, 1978) 
predicts infinite solute concentration in the tensile side of the dislocation core and 
zero in the compressive. Comparing eqs. (184) and (187) one verifies that when the 
distance r from the dislocation core is large the linearized solution (184) for the 
hydrogen concentration at steady state is equal to the first two terms in the Taylor 
series expansion of the concentration as is given by eq. (187). This result indicates 
that the linearized solution is fairly accurate at regions remote from the core where 
the hydrogen concentration does not deviate markedly from the nominal value. 
Consequently the linearized solution (184) is not expected to represent the hydrogen 
concentration field close to the core because the linearization condition of small 
C - C0 is not met. In fact, as has already been discussed, eq. (184) predicts for O < 0 < 1t 
negative hydrogen concentrations within a circular region whose cutoff radius 
increases with time. At steady state this radius is maximum and given by 
ro 3(v- vµ)sin 0 
b 21tc0A(l + v)(l - vµ) · 
(188) 
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The cutoff radius r0 at 0 = rc/2 defines a circular region in which the linearized 
solution (183) fails to be valid at least in the compressive side of the dislocation. It 
should be mentioned though that neither is the nonlinear solution (187) valid dose 
to the core, where a Fermi-Dirac form (HIRTH and CARNAHAN, 1978) is more 
appropriate than the Boltzmann approximation of eq. (187). In Fig. 3, the steady state 
hydrogen concentration CI C0 , as given by eqs. (184) and (187) in the H/Ta system, is 
plotted against the normalized distance r I b at 0 = 31t/2, (see Fig. 2), at temperature 
3OOK and nominal hydrogen concentration of 0.lH/Ta. Concentrations predicted by 
the linearized solution (184) are in agreement with those of the nonlinear solution 
(187) only when r I b > 6. The same result is also valid in the case of Nb/Hand V /H 
systems. The linearized solution fails to predict the hydrogen concentration very 
dose to the dislocation core because of the prevailing severe concentration gradients 
which render the linearization of the field equations invalid. Therefore the 
proposed linearized solution (184) is only a far field solution. 
The transient stress field is determined by observing that when P = 0 and 






'P(z,t) = ----. 
1-vµ z 
Substituting eqs. (172), (182) and (189) into eqs. (152) and (154) and using 
one finds 
(Jr, + Oee = (J and 
2 
O"oo - a" + ia,e = texp(2i0), 
2 
µb { µ µ 4De1,t[ ( r2 J ]}sin0 arr=----'---- -(1-v )-(v-v )-- exp --- -1 --, 







Gee =-27t_(_l ___ v_)(-1--vµ-) -(1-vµ)-(v-vµ) 4Defft( ( r2 ) · ) 




µb { 4D t[ ( r2 ) ]}cos8 er = . (1-vµ)+(v-vµ)__!,[_ exp --- -1 --. 
,9 21t(l- v)(l-vµ) . r2 4Defl . r 




Using the constitutive description of the hydrogen/metal system in 
conjunction with standard linear elasticity results for lattice defect interactions, one 
may draw some important conclusions about the hydrogen effect on the 
deformation of materials under fixed solute chemical potential conditions of 
hydrogen diffusion (RIC:E, 1992a). 
The interaction force between two parallel edge dislocations is proportional to 
G/(1-v). It has been found that the Poisson's ratio vµ at fixed solute chemical 
potential is less than the Poisson's ratio v at fixed solute composition. Therefore the 
interaction between two edge dislocation becomes smaller when the hydrogen in 
solution reaches equilibrium with the applied stress. This result has also been found 
by SOFRONIS and BIRNBAUM (1993) who modeled the interaction between two 
edge dislocations numerically. It should be mentioned that weakening of the 
interaction between edge dislocations is the physical basis of the hydrogen enhanced 
localized plasticity (HELP) model of hydrogen embrittlement (SIROIS, SOFRONIS 
and BIRNBAUM, 1992; SIROIS and BIRNBAUM, 1992; BIRNBAUM and 
SOFRONIS, 1993). 
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The energy per unit length of an edge dislocation is proportional to G/(1-v) 
and that of a screw dislocation is proportional to G. It is very likely that the 
Poisson's ratio vµ at fixed solute chemical potential may become negative, locally, 
close to the dislocation core where large hydrogen accumulation is predicted. As a 
consequence, segments of edge dislocations become energetically more favorable 
than those of screw dislocations since the energy of an edge dislocation is less than 
the energy of a screw dislocation. Therefore hydrogen may limit the ability of 
dislocations to cross slip. ULMER and ALTSTETTER (1991) suggested this effect as a 
possible mechanism of hydrogen induced cracking by proposing that hydrogen 
provides a force which tends to maintain the dislocations in the edge configuration, 
making relaxation of the pile up stress field by screw dislocation cross slip more 
difficult. 
The Griffith theory of brittle fracturecand the new theory of RICE (1992b) for 
dislocation nucleation from a crack tip suggest that the critical stress intensity factor, 
squared, is proportional to G/(1-v) multiplied either by the surface energy, 2y8 , or by 
the unstable stacking energy y,.. Therefore, at equilibrium conditions, hydrogen 
through its Poisson's ratio effect can trigger dislocation injection at a crack tip or can 
cause a crack to propagate. 
4. CLOSURE 
A linearized hydrogen elasticity theory has been developed which describes 
the coupling of the lattice hydrogen diffusion and the linear elastic deformation of a 
solid containing interstitial hydrogen in solid solution. 
The linearized hydrogen diffusion is governed by the standard Fick's law 
where the normal lattice diffusion constant has been replaced by an effective 
diffusion constant in order to account for the drift due to hydrostatic stress. The 
effective diffusion constant depends only on the nominal hydrogen concentration 
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and reference temperature, the hydrogen and solvent material parameters, and does 
not depend on stress. Therefore the existing diffusion solutions for various 
specimen geometries can be used to study hydrogen diffusion under stress at given 
nominal solute concentration. As an example, the coupled transient field equations 
were solved analytically in the case of hydrogen diffusing towards the tension side 
of the core of an isolated edge dislocation in an infinite medium under plane strain 
deformation conditions. 
The constitutive response of the solid solution at fixed solute chemical 
potential was found to resemble that of a fluid-infiltrated porous material during 
drained deformation at constant pore pressure or the thermoelastic response of a 
solid under isentropic straining. The linear elastic moduli at fixed solute chemical 
potential have been calculated as functions of the nominal hydrogen concentration 
in terms of the moduli at fixed solute nominal composition, the reference 
temperature, and the material parameters of the system. Therefore at steady state 
conditions of hydrogen migration, when the gradients of the solute chemical 
potential have been neutralized, the hydrogen effect on the linear elastic 
constitutive behavior is depicted in and modeled through the constitutive moduli. 
The implications of this result are important in understanding the hydrogen effect 
on dislocation plasticity and fracture of metals and alloys. Thus, using the linear 
elastic results for the dislocation stress fields, one deduces that hydrogen causes 
material softening by reducing the interaction between edge dislocation, enhances 
the planarity of slip by reducing the strain eriergy of an edge dislocation relative to 
the strain energy of a screw dislocation, decreases the intensity of the loads required 
to cause a crack to propagate, and assists the dislocation injection ahead of a crack tip 
according to RICE's (1992b) new theory for dislocation nucleation. These effects are 
in excellent agreement with the hydrogen enhanced localized plasticity model of 
hydrogen embrittlement proposed by BIRNBAUM and his co-workers (1992, 1993). 
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Fig. 1. Plot of Young's modulus Eµ/E, bulk modulus Bµ/B, and Poisson's ratio vµ at 
fixed solute chemical potential; and of effective diffusion constant D eff/D vs 
nominal hydrogen concentration c0 in the Ta/H, Nb/H and V /H systems at 
temperature 300K. Nominal concentration c0 is measured in hydrogen atoms per 
metal atom. Constants E and B are Young's and bulk modulus for the hydrogen free 
material respectively, and D is the normal lattice diffusion constant. 
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=be, 
Fig. 2. An edge dislocation at the origin of the coordinates in the plane. Parameter b 
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Fig. 3. Plot of the steady state hydrogen concentration cofc at an edge dislocation 
with Burgers vector magnitude b in the H/Ta system vs normalized distance r/b at 8 
= 31t/2, temperature 300K, and nominal hydrogen concentration of 0.1 H/Ta. 
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